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Abstract: 
We give a new map named (Rabinovich-Fabrvikant equations) and  find five fixed points  we 
study only one fixed point  x0(0,0,0),  and  all general properties of them We prove  that the contracting 
and expanding  area of this point , thought the study of  the chaotic of  the point by use the Wiggins 
defined and we proof  that the lyapunov  exponent of the point ݔ݋  (0,0,0) is positive .We use matlab 
program to show sensitive dependence on the initial conditions and transitivity of (R-F). 
Keywords: The Rabinovich-Fabrvikant equations, fixed point, Jacobin of Rabinovich-Fabrvikant 
equations, sensitive dependends on intial condition ,transitivity, Lyapunov exponents of the 
Rabinovich-Fabrvikant equations Lyapunov dimension ,  topological entropy of Rabinovich-Fabrvikant 
equations 
صلاخلأة  
 انسرد اهل هماعلا صاوخلا انسردو شتيفونيبار  هلداعماندجوو  اهصاوخ اندجو كلذكو عيسوتلاو صلقتلا قطانمةيوضوفلا 
 انهرب ثيحاهنأ  كلتمتو ابجوم يبورتنا يجولوبت ىلع يوتحتةيساسح  طورشلا دنعةيئادتبلاا اهنإو  بلاتام جمانرب مادختساب هيدعتم
 بجوملا  فونابيل عيسوت انهربواريخأو  هذهل فونابيل دعب انسردهلادلأ 
اتفملا تاملكلاهيح: هتباث هطقنو شتيفونيبار هلداعم ،نيبوكاج ،هيساسحلا و هيئادتبلاا طورشلا ىلع هدمتعمشتيفونيبار هلداعمل يدعتلا، 
 يبورتنا يجولوبت اريخاو فونابيل دعبو فونوبيل عيسوت.  
1.Introduction 
Rabinovich -Fabrikant[1979]  Recently, we look more closely into the 
Rabinovich-Fabrikant system, after a decade of the study in [Danca & Chen,2004], 
discovering some new characteristics such as cycling chaos, Tollmien-Schlichting 
waves in hydrodynamic ows, wind waves onwater, concentration waves during 
chemical reactions in a medium where diusion occur, Langmuir waves in plasma, 
etc[Michal et al., 2015]. the Rabinovich – Fabrikant equaction is three dimensions and 
two parametersݐ ܽ݊݀ ߙ and the system is chaotic :- 
ቌ
ݖݕ − ݕ + ݕݔଶ + ݐݔ
3ݔݖ + ݔ − ݔଷ + ݐݕ
−2ݖߙ − 2ݖݔݕ
ቍ 
 
Definition and Notations:-  
Let   F:ܴଷ → ܴଷ  such that  F ቆ
ݔ
ݕ
ݖ
ቇ =ቌ
݂(ݔ, ݕ, ݖ)
݃(ݔ, ݕ, ݖ)
ℎ(ݔ, ݕ, ݖ)
ቍ be a map. We called fixed point of 
three dimensions  if only  
Pair ቆ
݌
݃
ℎ
ቇ such that   fቆ
݌
݃
ℎ
ቇ=݌  ,݃ ቆ
݌
݃
ℎ
ቇ =݃  and    ℎ ቆ
݌
݃
ℎ
ቇ  =ℎ  .then fixed point is 
attracting if and only ifܨ௡ ቆ
ݔ
ݕ
ݖ
ቇ →ቆ
݌
݃
ℎ
ቇ as    ݊ → ∞   for every ቆ
ݔ
ݕ
ݖ
ቇ  in the disk 
centered of ቆ
݌
݃
ℎ
ቇ 
ܨ    is called diffeomorphism  provided if ܨ is one –to –one ,onto , inverse and  
ܿஶ .The mixed ݇௧௛  partial derivatives  exist and one continuous  is called ܿஶ  . 
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Assume that the first partials of the coordinate maps  f1,   f2 and f3  of  F  exists  at v0.  
We find Jacobin of   F  at v0    by the determined of DF (ݒ݋) and its denoted by  
ܬ =หdet൫ܦܨ( ଴ܸ)൯หܨ  is called area contracting at ݒ݋ if หdet൫ܦܨ( ଴ܸ)൯ห < 1, and ܨ  is 
area expanding at ݒ݋ if หdet൫ܦܨ( ଴ܸ)൯ห > 1. 
 
Definition (2.1):- (Kolyada and Snoha, 1997):- 
The ݂: ܺ → ܺ is said to be sensitive dependence on initial conditions if there 
exists ∈> 0such that for any ݔ଴  ∈ ܺ and any open set U⊂ X containing ݔ଴ there 
exist y଴  ∈  ܷ  and  ݊ ∈ ܼାݏݑܿℎ ݐℎܽݐ ݀൫݂௡(ݔ଴), ݂௡(ݕ଴)൯ >∈ ݐℎܽݐ ݅ݏ ∃ ∈>
0, ܸݔ, ܸߜ > 0, ∃ݕ ∈  ܤ ߜ (ݔ) , ∃: ݀(݂௡(ݔ଴), ݂௡(ݕ଴)) ≥∈ 
 
Definition (2.2)( Fotion, 2005):- 
Let ݂: ܺ → ܺ be a continuous map and ܺ be a metric space. Then the map f is 
said to be chaotic according to Wiggins or W-chaotic if : 
1- ݂ is topologically transitive. 
2- ݂ is exhibits sensitive dependent on initial condition. 
 
Definition (2.3)(Sturman, 2006):- 
The map ݂: ܴ௡ → ܴ௡ will have ݊  Lyapunov exponent, say 
L1(ݔ, ݒ) , L2 (ݔ, ݒ) , … …, Ln (ݔ, ݒ)  for a system of ݊  variable . then the Lyapunov 
exponent is the maximum n Lyapunov exponent that is 
ܮଵ (ݔ, ݒ)  =  ݉ܽݔ{ ܮଵ (ݔ, ݒ) , ܮ ଶ(ݔ, ݒ) , … … , ܮ௡ (ݔ, ݒ)} . ܹℎ݁ݎ݁ ݒ = (ݒଵ, ݒଶ, … . , ݒ௡). 
 
Proposition(2.4):- 
If t≠ 1  then the Rabinovich - Fabrikant equation has five fixed points P0(0,0,0) 
݌ଵ,ଶ = (±ට
௕ோభାଶ௕
ସ௕ିଷ௔
 , ±ටܾ
ସ௕ିଷ௔
ோభାଶ
,
௔ோభାோమ
(ସ௕ିଷ௔)ோభ ା଼௕ି଺௔
), 
݌ଷ,ସ = (±ට
௕ோభିଶ௕
ଷ௔ିସ௕
 , ±ටܾ
ସ௕ିଷ௔
ଶିோభ
,
௔ோభିோమ
(ସ௕ିଷ௔)ோభ ି଼௕ା଺௔
 
    and we study only one fixed points P0(0,0,0) . 
Proof:- 
ݖݕ − ݕ + ݕݔଶ + ݐݔ = ݔ    …….(1) 
3ݔݖ + ݔ − ݔଷ + ݐݕ = ݕ………….(2) 
−2ݖߙ − 2ݖݔݕ = ݖ  ……..(3) 
Since  
−2ݖߙ − 2ݖݔݕ − ݖ = 0   ,  ݖ(−2ߙ − 2ݔݕ − 1) = 0 therefore  ݖ = 0 …..(4) 
We  put (4) in (2) we get  
ݔ − ݔଷ + ݐݕ − ݕ = 0 ℎܽ݊ܿ݁ ݕ =
௫ି௫య
௧ିଵ
 …………(5) 
We  put (5)and (4) in (1)   
Then −(
௫ି௫య
௧ିଵ
) + ቀ
௫ି௫య
௧ିଵ
ቁ ݔଶ + ݐݔ − ݔ = 0   ,
ି௫ା௫యି௫ఱା௫యା௧మ௫ି௧௫ି௧௫ା௫
௧ିଵ
= 0andݔ(2ݔଶ −
ݔସ + ݐଶ − 2ݐ) = 0 
ܫ݂ ݔ = 0 ݐℎ݁݊ ݕ = 0 ܽ݊݀ ݖ = 0  then p0(0,0,0) 
Or  
The other four points by[5] 
ݔଵ,ଶ = (±ඨ
ܾܴଵ + 2ܾ
4ܾ − 3ܽ
 , ±ඨܾ
4ܾ − 3ܽ
ܴଵ + 2
,
ܴܽଵ + ܴଶ
(4ܾ − 3ܽ)ܴଵ + 8ܾ − 6ܽ
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ݔଷ,ସ = (±ඨ
ܾܴଵ − 2ܾ
3ܽ − 4ܾ
 , ±ඨܾ
4ܾ − 3ܽ
2 − ܴଵ
,
ܴܽଵ − ܴଶ
(4ܾ − 3ܽ)ܴଵ − 8ܾ + 6ܽ
 
Where ܴଵ = √3ܽଶ − 4ܾܽ + 4   and  ܴଶ 4ܾܽଶ − 7ܽଶܾ + 3ܽଷ + 2ܽ 
 
Proposition (2.5):- 
 If t≠1 and α≠0 the Jacobain of the Rabinovich –Fabrikant equation is 
2ߙ(−1 − ݐଶ) 
Proof:- 
The differential matrix of Rabinovich –Fabrikant equation of  
Dܴఈ,௧ (ݒ݋) =ተ
ተ
డ௙(௩௢)
డ௫
డ௙௭(௩଴)
డ௬
డ௙(௩଴)
డ௭
డ௙ଶ(௩௢)
డ௫
డ௙ଶ(௫)
డ௬
డ௙(௩௢)
డ௭
డ௙ଶ(௩௢)
డ௫
డ௙ଶ(௩௢)
డ௬
డ௙(௨)
డ௭
ተ
ተ
  then , Dܴఈ,௧ (ܲ݋) = อ
ݐ −1 0
1 ݐ 0
0 0 −2ߙ
อ 
Therefore     J=det Dܴఈ,௧ (ܲ݋) =-2α det ቚ
ݐ −1
1 ݐ
ቚ = −2ߙ(ݐଶ+1)=2ߙ(−1 − ݐଶ)∎ 
 
Proposition(2.6):- 
1. If |ݐ| < 1 ܽ݊݀ |ߙ| < ଵ
(ଶ(ିଵି௧మ)
 since t ≠1 then Rabinovich –Fabrikant equation is 
area contracting at p0 . 
2. If|ݐ| > 1 ܽ݊݀ |ߙ| > ଵ
(ଶ(ିଵି௧మ)
 then since t≠1  Rabinovich –Fabrikant equation is 
area expanding at P0 . 
 Proof :- 
1. If  |ߙ| < ଵ
(ଶ(ିଵି௧మ)
    such that ݐ < 1 then the absolute value of Jacobain of  
Rabinovich –Fabrikant equation is least than 1  that is ܴఈ,௧ is area contracting 
map. 
2. If  ݐ > 1 since |ܬ| = ቚdet ቀܦܴఈ,௧ ( ଴ܲ)ቁቚ =  |2ߙ(−1 − ݐଶ)| > 1  
By hypotheses  |ߙ| >
ଵ
ଶ(ିଵି௧మ)
 then ܴఈ,௧  is area expanding ∎ 
 
Remark (2.7):- 
  The ܴఈ,௧ is on to and is not one to one then ܴఈ,௧ is not diffemorephism. 
 
Proposition (2.8):- 
Then ܴఈ,௧ ݅ݏ ܿஶ 
Proof :- 
డோభ
డ௑
 =  2ݔݕ + ݐ    , 
డோమ
డ௑
= 3ݖ + 1 − 3ݔଶ    ,
డோయ
డ௑
= −2ݖݕ 
߲ܴଵ
ଶ
߲ܺଶ
= 2ܻ      ,        
߲ܴଶ
ଶ
߲ܺଶ
= −6ܺ  ,            
߲ܴଷ
ଶ
߲ܺଶ
 = 0 
డோభ
య
డ௑య
= 0      ,        
డோమ
య
డ௑య
= −6 ,            
డோయ
య
డ௑య
 = 0…………. 
డோభ
೙
డ௑೙
= 0     ,        ∀݊ ∈
ܰ  ܽ݊݀ 
డோమ
೙
డ௑೙
= 0  ∀݊ ∈ ܰ       and these partial derivatives are exist and continous then 
ܴఈ,௧ ݅ݏ ܿஶ∎ 
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Proposition (2.9):- 
ߣଵ,ଶ = ݐ ± ݅       , ߣଷ = −2ߙ . 
Proof :- 
Det (DRα,t  (v)- ߣܫ)= det อ
ݐ − ߣ −1 0
1 ݐ − ߣ 0
0 0 −2ߙ − ߣ
อ = 0 ݐℎ݁݊   
(t- ߣ)2 (-2α- ߣ) + 1 = 0 hance (t- ߣ)2 (-2α- ߣ) = −1  then if (-2α-
 ߣ) = 0  ݐℎ݁ݎ݂݁݋ݎ݁ − 2ߙ =  ߣ 
Or ( t- ߣ)2= -1    ,Then  ߣ = ݐ ± ݅ ݐℎ݁ݎ݂݁݋ݎ݁ ߣଵ,ଶ = ݐ ± ݅ ܽ݊݀ ߣ3=-2α <0  ∀ݐ ∈
ܴ ݅ݏ ݐℎ݁ ݁݅݃݁݊ݒ݈ܽݑ݁ݏ ݋݂ ܦܴα, t  (P0)∎ 
 
Proposition (2.10):- 
1.If α<0 and t>0 then P0 is repelling fixed point . 
2. If t<0 and α>0 then P0 is saddle fixed point . 
Proof:- 
1. Sinceߣଵ,ଶ = ݐ ± ݅ ,    ߣଷ = −2ߙ and ߙ < 0  , ݐ > 0 ݐℎ݁݊ ݐℎ݁ ݎ݈݁ܽ ݌ܽݎݐ ݋݂ ߣଵ,ଶ is 
positive they by [1] thenP0 IS repelling  fixed point. 
2. Since ߣଵ,ଶ = ݐ ± ݅ ,    ߣଷ = −2ߙ and ݐ < 0 , ߙ > 0  the real part  of ߣଵ,ଶ  is 
negative so by [1] P0 is saddle fixed point ∎ 
 
Proposition(2.11):- 
The set of fixed points of Rabinovich –Fabrikant is closed. 
Proof:- 
Let  A be the set of fixed points of Rabinovich –Fabrikant then  
A=ቊቆ
ݔ
ݕ
ݖ
ቇ: ܴఈ,௧ ቆ
ݔ
ݕ
ݖ
ቇ  ܽ݊݀ ܴఈ,௧ ቆ
ݔ
ݕ
ݖ
ቇ =  ቆ
ݔ
ݕ
ݖ
ቇቋ, A⊏  ܴଷ ,To show that A is closed set   
Let  ቆ
ݔ
ݕ
ݖ
ቇ  ∈ ܣ௖ then  ܴఈ,௧ ቆ
ݔ
ݕ
ݖ
ቇ ≠  ቆ
ݔ
ݕ
ݖ
ቇ and since A⊏  ܴଷ we have three distinct 
elements in R3then there  exist two disjoint open set  M,N ⊏ R3 such that ቆ
ݔ
ݕ
ݖ
ቇ  ∈
ܯ  and  ܴఈ,௧ ቆ
ݔ
ݕ
ݖ
ቇ ∈ ܰ , hence ቆ
ݔ
ݕ
ݖ
ቇ  ∈ ܯ  ∩  ൫ܴ∝,௧
ିଵ൯(N) since N open subset in R
3 and 
ܴఈ,௧ ቆ
ݔ
ݕ
ݖ
ቇ  ݅ݏ  continuous map we have ൫ܴ∝,௧
ିଵ൯(N) is open subset in R
3 
Let ܯ  ∩  ൫ܴ∝,௧
ିଵ൯(N =U  , we chain that U⊏ ܣ஼   to show this , let ቆ
ݑ
ݎ
ݏ
ቇ  ∈ ܷ   then 
ቆ
ݑ
ݎ
ݏ
ቇ  ∈ ܯ  
  ܽ݊݀ ቆ
ݑ
ݎ
ݏ
ቇ  ∈ (ܴ∝,௧
ିଵ(ܰ)) so  ቆ
ݑ
ݎ
ݏ
ቇ  ∈ ܯ, ܴఈ,௧ ቆ
ݑ
ݎ
ݏ
ቇ ∈ ܯܴఈ,௧ ቆ
ݑ
ݎ
ݏ
ቇ ∈ ܰ but since M∩ ܰ =
Φ then ቆ
ݑ
ݎ
ݏ
ቇ ≠ ܴఈ,௧ ቆ
ݑ
ݎ
ݏ
ቇ 
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Hence ቆ
ݑ
ݎ
ݏ
ቇ  ∈ ܣ௖  , that is our claim is true , Hance for each ቆ
ݑ
ݎ
ݏ
ቇ  ∈ ܣ௖ we could find 
the open set U such that U⊏ ܣ௖ so Ac is open then A is closed∎ 
 
3. Properties chaotic of the Rabinovich –Fabrikant:- 
Proposition (3.1):- 
If |ݐ|>1  then Rabinovich –Fabrikant is sensitive dependent on initial condition . 
Proof:- 
If |ߙ| > 1 , |ݐ| > 1 ݐℎ݁݊  
Let ݔ = ൭
ݔଵ
ݕଵ
ݖଵ
൱ be a point in ܴଷ , ܴఈ,௧ < ቌ
ݖݕ − ݕ + ݕݔଶ + ݐݔ
3ݔݖ + ݔ − ݔଷ + ݐݕ
−2ݖߙ − 2ݖݔݕ
ቍ  ݐℎ݁݊  
Case(1):- 
If |ݔ| ≤ 1 by hypothesis and by definition  
ܴఈ,௧(ݔ) < ቌ
−2ݖߙݐݕ − ݐݕ
ݐଶݕ
4ݖߙଶ
ቍ , that is  ܴఈ,௧
௡ (ݔ) < ቌ
−2ݖߙଶ௡ݐଷ௡ݕ − ݐଷ௡ݕ
ݐଶ௡ݕ
(2݊)ݖߙଶ௡
ቍ 
Thus if|ߙ|>1 and |ݐ| > 1 then ݊ ⟶ ∞ 
let  ݔଵ = ൭
ݔଵ
ݕଵ
ݖଵ
൱ ∈  ܴଷ , ݔଶ = ൭
ݔଶ
ݕଶ
ݖଶ
൱  ∋  ܴఈ,௧(ݔଵ) < ቌ
−2ݖߙݐݕ − ݐݕ
ݐଶݕ
4ݖߙଶ
ቍ and  ܴఈ,௧(ݔଶ) <
ቌ
−2ݖߙݐݕ − ݐݕ
ݐଶݕ
4ݖߙଶ
ቍ 
          that ݀݅݉(ܴఈ,௧(ݔଵ), ܴఈ,௧(ݔଶ)) = ඥ(−2ݖߙݐݕ − ݐݕ)ଶ + (ݐଶݕ)ଶ + (4ݖߙଶ)ଶ 
= ඥ(−2ݖߙݐݕ − ݐݕ)௡ + (ݐଶݕ)௡ + (4ݖߙଶ)௡ 
If  |ߙ|>1, |ݐ| > 1 and  ݊ ⟶ ∞  , ݀(ܴఈ,௧
௡ (ݔ), ܴఈ,௧
௡ (ݕ)) → ∞ 
Hence  ܴఈ,௧ ℎܽݏ sensitive dependent on initial condition 
If |ݔ| > 1  form of the Rabinovich –Fabrikant equation . they are diverge on the 
iterates of this map . thus it has  sensitive dependent on initial condition 
We get pictures satisfy the sensitive dependence on initial conditions to the 
Rabinovich –Fabrikant in different parameters 
by use the Matlab program . 
 
 
 
 
m1= -0.3, m2=  -0.4  t1,2=0    with initial  
points                                                                                                
(0.01,0.02,0.03) and (0.02,0.03,0.04) 
m1= -0.1, m2=  -0.2  t1=0.05 ,t2=0.04    
with initial  points                                                                                                
(0.01,0.02,0.03) and (0.02,0.03,0.04) 
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We get pictures satisfy the transitive  to the Rabinovich –Fabrikant in different 
parameters by use the Matlab program:- 
     
 
 
 
 
 
 
 
 
 
m1= -0.3, m2=  -0.4  t1,2=0    with initial  
points                                                                                                
(0.01,0.02,0.03) and (0.02,0.03,0.04) 
m1= -0.1, m2=  -0.2 t1=0.01,t2=0.02    
with initial  points                                                                                                
(0.01,0.02,0.03) and (0.02,0.03,0.04) 
m1= 0.1, m2=  0.2  t1=-0.1, t2=-0.2   with 
initial  points                                                                
(0.01,0.02,0.03) and (0.02,0.03,0.04) 
 
m1= -0.1, m2=  -0.2,  t1=0.6 ,t2=0.7     
with initial  points                                                                                                
(0.01,0.02,0.03) and (0.02,0.03,0.04) 
 
m =0.5 ,t =  0     with initial  points 
 (0.1,0.2,0.3)  
 
m =0.02 , t = 0      with initial  points 
(0.1,0.2,0.3) 
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Definition (3.2):- 
The Rabinovich –Fabrikant is  strange attractor if  Lyapunovdimension. 
 
Definition(3.3)[Gulick ,1992]:- 
Let V be a subset of R2, and suppose that F: V→R2 has continuous partial 
derivatives. Assume also that v0 is in V, with orbit  {ݒ௡}௡ୀ଴
 .For each n=1,2,…… we 
define D୬ F(v଴ ) by the formulaܦ௡ ܨ(ݒ଴ )  = [ܦܨ(ݒ௡ିଵ )][ܦܨ(ݒ௡ିଶ )] … . . [ܦܨ(ݒ଴ ) ] 
where DF(v୩ ) denotes the 22 matrix identified with the differential of F at vk . Then 
a =-0.05 , b = -0.1      with initial  points 
(0.01,0.02,0.03)  
m=0.1, t =0.1  with initial  points 
(0.1,0.2,0.3)  
m=-0.5 t=-0.1 with initial  points                                                                                
(0.1,0.2,0.3) 
t1=-0.002, m1=0 with initial  points                                                                                                
(0.01,0.02,0.03)  
 
m=0.5 , t =-0.1       with initial  points 
(0.01,0.02,0.03)  
t =-0,4 , m = -0.0001      with initial  
points (0.1,0.2,0.3)  
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D୬ F(v଴ ) is 22 matrix (depending on n). If D୬ F(v଴ )  has nonzero real eigenvalues, 
we denote their absolute values of the eigenvalues by d୬ଵ (v଴ )ܽ݊݀݀௡ଶ(ݒ଴) . For 
convenience we will assume that d୬ଵ (v଴ ) ≥ ݀௡ଶ(ݒ଴ ). The Lyapunov numbers r1(v0) 
and r2(v0) of V at v0:-r1(v0) = lim୬→∞[d୬ଵ (v଴)]
భ
౤  , r2(v0) = lim୬→∞[d୬ଶ (v଴)]
భ
౤    
provided  that  the  limits  exist 
 
proposition (3.4):- 
let ܴఈ,௧ ∶ ܴଷ → ܴଷ  be the R-F equation the lyapunov exponents of ܴఈ,௧ is positive . 
proof:- 
By properties (2-9)  
If t<1 and ߙ < 1 by proposition หߣଵ,ଶห = |ݐ + ݅|  , If t<1 since  
ݔଵ,ଶ = ቌቆ
ݔ
ݕ
ݖ
ቇ , ݒଵ,ଶቍ =  lim௡→ஶ
ଵ
௡
ቤܦܴఈ,௧ ቆ
ݔ
ݕ
ݖ
ቇ , ݒଵ,ଶቤ < 0  , But  if ߙ < 1   then  ݔଷ =
ቌቆ
ݔ
ݕ
ݖ
ቇ , ݒଷቍ =  lim௡→ஶ
ଵ
௡
ቤܦܴఈ,௧ ቆ
ݔ
ݕ
ݖ
ቇ , ݒଷቤ > 0   so 
ݔ௩ = max൛ݔଵ
±(ݔ, ݒଵ), ݔଶ
±(ݔ, ݒଶ), ݔଷ
±(ݔ, ݒଷ), ൟ then ݔ௩ > 0 so in the same way  we can 
prove if t>1 and ߙ > 1 then L(v)>0 
 
Proposition (3.5):- 
If |ߙ| < 0  and t<0 then ܴఈ,௧ has a stranger attractor then either  
Dim AF=1-
௟௡|ିଶఈ|
   ௜௡ |௧ା௜|
      or Dim AF=1-
௟௡|௧ା௜|
   ௜௡ |ିଶఈ|
 
Proof:- 
Case1:- Since |ߙ| < 0  and t<0 then |ݐ + ݅| ≤ −2ߙ by definition (3.3)  
Dn1= max eigenvalues of Dnܴఈ,௧. 
Dn2=min eigenvalues of Dnܴఈ,௧.. 
Then  
 r1= lim௡⟶ஶ(݀݊ଵ) = lim௡⟶ஶ(−2ߙ) 
r2= lim௡⟶ஶ(݀݊ଶ) = lim௡⟶ஶ(ݐ + ݅) 
then    dim AF =1 -
୪୬|ିଶఈ|
୪୬|௧ା௜|
 
case (2):-If   |ߙ| > 0  and ݐ > 0 , then we can prove by the same way :  dim AF =1 -
୪୬|௧ା௜|
୪୬|ିଶఈ|
 
we recall the theorem (3.35) in [3]by 
proposition(3.6):- 
The upper estimate of topological entropy of  
h௧௢௣൫ܴఈ,௧൯ ≤
log ߙ
2 log ݐ + log ߙ
 
Proof:- 
By theorem(3.35)  on [3] we get  
h௧௢௣൫ܴఈ,௧൯ ≤ ݈݋ ݃ ݉ܽݔ௫∈ோ೙ max ܮ ∈ ௫ܶ∈ோ೙ หdet൫ܦܴఈ,௧(ݔ)หܮ൯ห 
≤ ݈݋ ݃ ݉ܽݔ௫∈ோ೙ max ܮ ∈ ௫ܶ∈ோ೙ |2ߙ(−(1 + ݐଶ)| 
≤
2 log ߙ
4 log ݐ + 2 log ߙ
≤
log ߙ
2 log ݐ + log ߙ
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We recall the theorem (3.25) on [4] by 
Proposition (3.7):- 
1. If ߙ < 0 ݐℎ݁݊ |−2ߙ| > |ݐ + ݅| therefore  
ℎ௧௢௣ ൫ܴఈ,௧൯ ≥ log|−2ߙ| 
2. If ݐ > 0, ߙ > 0 ݐℎ݁݊ |ݐ + ݅| > |−2ߙ| then  
ℎ௧௢௣൫ܴఈ,௧൯ ≥ log|ݐ + ݅| 
proof:- 
case (1) :- 
 by proposition (2.9 ) and by hypothesis  then  
ℎ௧௢௣ ൫ܴఈ,௧൯ ≥ log|−2ߙ| 
By using the  same way, we can prove this case  
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